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Chapter I – Contents of the study 
I. Ferritic steel 
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Table 2 – Composition of the Laves phase in the Crofer 22H determined experimentally by Kuhn et al. 
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C15 type Cu2Mg 
Fd-3m 
C14 type MgZn2 
P63/mmc 
C36 type MgNi2 
P63/mmc 
 
  
Cu: 16d (5/8, 5/8, 5/8) 
Mg: 8a (0, 0, 0) 
Mg: 4f (1/3, 2/3, z) 
Zn: 2a (0, 0, 0) 
6h (x, 2x, 1/4) 
Mg: 4e (0, 0, z) 
4f (1/3, 2/3, z) 
Ni: 4f (1/3, 2/3, z) 
6g (1/2, 0, 0) 
6h (x, 2x, 1/4) 
Figure 1 – Structure models and crystallography of the three different Laves phase polytypes. 
The Laves phases form with specific requirements, e.g. the radii of the two elements forming them are 
related by rA/rB = (3/2)1/2 = 1.225 (ideal radius ratio), a specific valence electron concentration (see Figure 
2) and electroneutrality. These three parameters are the most important properties for the formation of 
Laves phases. Some relations have been established between the formation of the type of Laves phase, the 
ideal radius and the electron concentration. In fact Laves phases form with a radius ratio between 1.05 
and 1.68 [12] because the true radius differs from the Goldschmidt ideal radius [13]. Depending on the 
valence electron concentrations (Figure 2), a specific polytype of the Laves phase is preferred, but there 
are many exceptions. The C36 polytype is often described as metastable (in many systems) and is a  
transition phase between the C14 and C15 polytypes [14]. 
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?
Figure 2 – Scheme of the stability of the Laves phase polytypes as function as the valence electron 
concentration according to ??. 
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Figure 3 – Calculated phase diagram according to and from Pavlů et al. ??. 
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Table 3 – Crystallographic information present the Cr-Nb binary system. 
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Figure 4 – Fe-Nb phase diagram calculated by Khvan et al. [40] using the Calphad method compared 
with experimental data from EPMA (triangles) and DTA (squares) [35]. 
In addition to the two pure elements forming BCC structure, there are the C14 Laves (Fe2Nb) and the  
(Fe7Nb6) phases. The C14 Laves phase crystallizes in hexagonal structure as mentioned previously (Laves 
phases) and the  phase has a rhombohedral structure. The lattice parameters as well as the Wyckoff 
position are developed in Table 4. 
Phase   Pearson  
Symbol 
Space  
Group 
Prototype Lattice  
parameters 
[Å] 
References 
Fe2Nb hP12 P63/mmc 
(no. 194) 
MgZn2 a=4.8414 
c=7.8933 
[20] 
Fe7Nb6 hR39 R-3m 
(no. 166) 
W6Fe7 a=4.926 
c= 26.80 
[41] 
Table 4 – Crystallographic informations for the intermetallic phases present in Fe-Nb system. 
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3.3 Fe-W 
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Figure 5 – Experimental phase diagram of Fe-W from ??.?
 
Figure 6 – Calculated phase diagram Fe-W ?? compared with experimental data. 
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[Å] 
References 
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Table 5 – Crystallographic data of the C14 laves phase in the Fe-W system as given by [44] and [50]. 
3.1 Cr-Nb-Si 
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Figure 7 – Calculated isothermal section at 1473 K as given by David et al. ??? with the numbers 
1=(Cr,Nb)6Si5, 2=(Cr,Nb)11Si8, 3=CrNbSi, 4=CrNb4Si3. 
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Table 6 – Crystallography of the ternary compounds of the Cr-Nb-Si system. 
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Figure 8 – Experimental phase diagram according to Goldschmidt ???, section at 1273K.?
?
Figure 9  – Experimental phase diagram at 1573 K according to Denham ???
?
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Figure 10 - Experimental phase diagram at 1373 K according to Singh ??.?
?
Figure 11 – Isothermal section of Fe-Nb-Si at 1423 K as proposed in Landolt-Börnstein ??. 
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Figure 12 – Experimental phase diagram from Wang et al. [15] at 1373 K. 
 
 
Figure 13 – Calculated phase diagram at 1323 K using the TCF6 database. 
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Table 7 – Crystal structures of the ternary compounds present in the Fe-Nb-Si phase equilibria. 
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3.3 Cr-Fe-Nb 
The first study concerning the Cr-Fe-Nb phase diagram has been proposed by Kaloev et al. [66] with an 
isothermal section at 1000°C (Figure 14). Later they published a second isothermal section at 700°C [67] 
(Figure 15). This phase diagram is characterized by huge solid solution of the two binary Laves phases 
formed by Fe2Nb-Cr2Nb. 
Gujicic et al. [68] studied the influence of Fe in the C15-Cr2Nb Laves phase. They observed a change of 
polytype structure at low Fe content (> 7 at. % of Fe). This change of polytype is due to a change in the 
electron concentration. Nevertheless, in the literature there are no informations for the liquidus projection 
as well for the reaction scheme diagram. Further experimental investigations are necessary for a good 
thermodynamic optimization of this system. 
There is no ternary compound mentioned in the literature up to now. 
 
Figure 14 - Isothermal section at 1273K given by Kaloev [66] according to the Landolt-Börnstein 
database [69]. 
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Figure 15 - Isothermal section at 973K given by Kaloev [67] according to the Landolt-Börnstein database 
[69]. 
3.4 Fe-W-Si 
The Fe-W-Si phase diagram is of great interest for industrial processes due to the hardness and refractory 
properties of W. Adding tungsten in ferritic steel improves the material properties like hardness, hot 
strength and yield strength. The Landolt-Bönrstein [70] (Figure 16) gives a brief overview of the work 
that has been done. An older review from Raynor et al. [71] gives a larger overview of the system and 
shows the complexity of this ternary system. Most of their review is based on the work of Vogel et al. 
[72]. Using all available information they have made some tentative of an isotherm and a complex 
reaction scheme based on their actual knowledge. They mentioned the presence of two ternary 
compounds (FeW2Si and FeWSi) which form from the reactions between Fe7W6 and FeSi. 
The calculated phase diagram from the commercial database TCFE6 given in Figure 17 shows 
disagreement with the phase diagram proposed in the literature. It has to be mentioned that no assessment 
of this system exists in the literature and this calculation is an extrapolation from binary systems. 
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Figure 16 - Experimental isothermal section at T=1273K of Fe-W-Si according to Landölt-Bornstein 
[70]. 
 
Figure 17 – Calculated phase diagram of Fe-W-Si using the commercial TCF6 database. 
The crystallographic structure of FeWSi has been investigated by Gladyvaskii [50]. FeWSi has a C14 
Laves phase type structure. From the binary Fe2W to FeWSi there is a complete solid solution. 
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Phase   Pearson  
Symbol 
Space  
Group 
Prototype Lattice  
parameters 
[Å] 
References 
FeWSi? ???? ? ???
????
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Table 8 – Crystallographic data of the compound in the ternary system Fe-W-Si. 
3.5 Summary of the literature survey 
??? ???????????????????????????????????????????? ???????Table 9?
????? ?????????????????????????????? ?????????????????? ? ???? ???????????????
???????????????????????
?
?
?
?
?
?
?
??
?
System? Presence of the Laves phases? Last thermodynamic assessment via 
Calphad method?
Fe-Nb? ??????? ???
Fe-W? ??????? ???
Cr-Nb? ????????? ???
Fe-Cr-Nb? ?????????????? ? ????????
Fe-Nb-Si? ?????????? ?? ???????
Fe-Si-W? ???????????? ? ???????
Cr-Nb-Si? ???????? ???
Fe-Cr? ???????
Fe-Si? ???????
Nb-Si? ???????
Si-W? ???????
Table 9 – Summary of the literature survey of the thermodynamic assessment on the ternary and binary 
systems containing Laves phase. *The assessment made by Pavlů et al. ?? on the Cr-Nb system take into 
account the presence of C14 Laves phase, nevertheless it has been experimentally shown by Aufrecht et 
al. ?? the non-stability of this phase. Reassessment of this system was done during the present study 
??. 
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II. Experimental phase diagram investigations 
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III. Calculation of Phase diagrams (Calphad)1 
1. Introduction 
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2. Models for the Gibbs energy 
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2.1 Unary phase 
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Space group  R-3m (no. 166) 
Pearson symbol hR39 
Lattice parameters a=4.926 Å, c= 26.80 Å 
Model W6Fe7 
Wyckoff position x y z CN 
3b (red) 0 0 ½ 12 
6c (green) 0 0 0.055 14 
6c’(blue) 0 0 0.165 16 
6c’’ (orange) 0 0 0.333 15 
18h (grey) 0.5 0.5 0.09 12 
Table 10 – Crystallographic structure information of the  phase according to [85]. 
σ phase: 
The σ phase crystallizes in the space group P42/mnm and the atoms are distributed on five different 
Wyckoff positions (Table 11). It can in general be written as A212B415C814D812E814 where the lower 
index indicates the number of atoms per position and the upper index indicates the coordination 
number [87]. With the point of view of crystallography a  three-sublattice model (A,B)10(B)4(A,B)16 is 
the most convenient [13,86]. The first sublattice is defined by A212D812, the second by B415 and the 
third by C814E814. By extension this model can be written (A,B)10(B,C)4(A,B,C)16. This model was 
recently used for the ternary system Fe-Nb-V [88] and will be used for the description of the σ phase 
in the system Cr-Fe-Nb (see Chapter Thermodynamic optimization of Cr-Fe-Nb). 
Space group P42/mnm (no. 136) 
Pearson symbol tP30 
Lattice parameters a= 8.785 to 10.060 Å [86] 
                                 c=4.553 to 5.23 Å  [86] 
Model: FeCr 
 
Wyckoff position x y z CN 
2a (blue) 0 0 0 12 
4f (red) 0.399 x 0 15 
8i (orange) 0.464 0.131 0 14 
8i’ (green) 0.741 0.066 0 12 
8j (grey) 0.183 0.183 0.251 14 
Table 11 – Crystallographic description of the σ phase. 
3. Input data 
Any thermodynamic modeling relies on the quality of the input data. The modeling of multicomponent 
systems requires the knowledge of the different stable phases in the defined system. The Calphad 
method cannot predict the stability of a phase that has not been experimentally established and defined 
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The compound energy formalism??
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4. Optimization of parameters in the Gibbs energy models 
4.1 Principle 
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4.2 Modeling of the Gibbs energy 
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care of the experimental data respecting the phase boundaries as well as the thermodynamic data of 
the system and the laws of thermodynamics?
4.3 Optimization process in the present work 
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IV. Density Functional Theory 
1. Introduction 
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2. Born-Oppenheimer approximation 
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3. The Hohenberg-Kohn theorem 
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4. The Kohn-Sham approach 
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4.1 The exchange correlation energy 
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4.2 Basis sets 
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The plane wave basis set 
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Slater type basis sets 
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It is a function resembling to the true atomic orbitals. This function is centered at the true nucleus. This 
basis sets is used in ADF [97,98].  
4.3 Self-consistency loop 
As it remains difficult to solve numerically these equations, the solution is done via a self-consistency 
loop as shown below in Figure 19. Within each self-consistency loop, a charge density ni is used to 
generate a new Kohn-Sham potential (denoted H in the Figure 19). Out of this self-consistency, a new 
charge density is calculated and the loop restarts until the self-consistency is achieved. 
 
Figure 19 – Scheme of the self-consistency loop as reproduced in ref. [101]. 
5. Description of the electrons: all-electrons and pseudo-potential methods 
5.1 All-electrons method 
The wave function is defined for all electrons in the system. The potential is inversely proportional to 
the distance between electrons and the nucleus (~Z/r). The core states are treated as completely 
localized whereas the valence states are rather delocalized. 
5.2 Pseudo-potential methods 
The use of pseudo-potential method allows to avoid to take into account the core electron explicitly 
and is less demanding with respect to computational resources. It regards an atom as a perturbation of 
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5.3 The projector augmented wave method (PAW) 
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5.4 Periodicity of the system 
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5.5 Brillouin zone integration 
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6. DFT calculations in the present work 
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Code Basis Set Potential BZ integration 
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Table 12 – Summarized of the different approximations used in ADF ?????  and VASP ??. 
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V. Phonon calculations 
1. Theory 
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? ܧ଴ ൌ 12԰߱? Eq. 26 
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? ܧሺ݇, ߥሻ ൌ 	԰߱ ൤12 ൅ ݊ሺ݇, ߥሻ൨? Eq. 27 
???݊ሺ݇, ߥሻ????????????????????ߥ ????????? ?????k ????????
??????݊ሺ݇, ߥሻ?????????????????????
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݊ሺ݇, ߥሻ ൌ 	݊ሺ߱, ܶሻ ൌ 	 ቈexp ቆ԰߱ሺ݇, ߥሻ݇஻ܶ ቇ െ 1቉
ିଵ
? Eq. 28 
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? ????????????Eq. 27???Eq. 28????????????????????? ????????? ????
??????????????????????????ሺ݇, ߥሻ ൌ ߱
? ܧ ൌ෍԰߱ ቈ12 ൅	൤exp ൬
԰߱
݇஻ܶ൰ െ 1൨
ିଵ
቉? Eq. 29 
???????????????????????????????????Eq. 29? ?? ?????????????? ????
????????????? ????? ????????
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ܥ௏ ൌ ൬߲ܧ߲ܶ൰௏ ൌ෍݇஻ ൬
԰߱
݇஻ܶ൰
ଶ exp ቀ ԰ఠ௞ಳ்ቁ
ቂexp ቀ ԰ఠ௞ಳ்ቁ െ 1ቃ
ଶ? Eq. 30 
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? ܧ ൌ න԰߱݃ሺ߱ሻ ቈ12 ൅	൤exp ൬
԰߱
݇஻ܶ൰ െ 1൨
ିଵ
቉ ݀߱? Eq. 31 
2. Thermodynamics 
2.1 Harmonic approximation 
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ஶ
଴
݃ሺ߱ሻ݀߱? Eq. 32 
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ܵ	ሺܶሻ ൌ െܶ ൬߲ܨ߲ܶ൰௏ ൌ ݇஻ නቌെ݈݊ ቎1 െ exp ൬
െ԰߱
݇஻ܶ ൰ ൅
ቀ ԰ఠ௞ಳ்ቁ
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቏ቍ݃ሺ߱ሻ݀߱? Eq. 33 
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2.2 Einstein model 
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ଶ? Eq. 36 
??????????????????????????????????????????????????????????????
??????? ??????????????????????????
2.3 Debye model 
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2.4 Polynomial function 
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3. Quasi-harmonic approximation 
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4. Results 
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Chapter III - Pure elements and binary boundary systems 
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I. Pure elements 
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1. Energy of formation 
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Table 13 – Energy of pure Cr in the BCC structure compared with literature. 
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Table 14 – Energy of pure Fe in BCC with the different parameters used to carry out the calculations. 
The results are compared with available literature data. 
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Table 15 – Calculated energies of Nb as well with the lattice parameters. 
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Table 16 – Energies and lattice parameters calculated in diamond structure compared with literature. 
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Table 17 – Energies of pure W calculated by DFT after optimization of the structure. 
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2. Phonon calculations of the pure elements 
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2.1 Iron, Fe 
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Figure 20 – Thermodynamic properties of Fe obtained the calculated phonon harmonic calculations. 
?????????????????? ???????????????????????????? ??????????
???????????????????????????? ??????????????????????Figure 21
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The minimum of the Helmholtz free energy vs temperature (Figure 22) is obtained by fitting the 
volume-energy data to the Vinet equation of state [112] (Eq. 45).  
 ܩሺܶ, ܲሻ ൌ ݉݅݊௏ൣܷሺܸሻ ൅ ܨ௣௛ሺܸ, ܶሻ ൅ ܸܲ൧ Eq. 45 
Thermodynamic functions of Fe are then obtained by derivation.  
 
Figure 21 – Energy dependency volume for pure Fe in BCC structure given at 0K. 
 
Figure 22 – Helmholtz free energy of Fe as function of volume and temperature for determination of 
the minimum energy (red line). 
For metals, the electronic contribution influences the thermodynamic properties. Depending on the 
metals, their influence can be negligible or not. The higher the electron valency is, the higher the 
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influence of electron contribution is. Hence, for iron this influence is not negligible and its value was 
taken from [82] (see Fig. 8 of the original paper) and added to the heat capacity and entropy curves 
(Figure 23a).  
  
Figure 23 – a) Heat capacity of Fe compared with literature data from experiments [113] and phonon 
calculated heat capacity [114–117]. The red point from Dinsdale [81] are the commonly used data in 
Calphad modeling for the description of pure Fe (these data don’t take into account the magnetism). 
b) Entropy of Fe from QHA and HA phonon calculation compared with phonon QHA calculations of 
Liang [116] and the Dinsdale polynomial [81]. 
The experimental results of the heat capacity of Fe cannot be fully reproduced by phonon calculations 
in QHA approximation due to the magnetic excitation [115]. The magnetic contribution was the 
subject of several studies in the literature [114,115], and show the difficulty to model Fe. In Calphad 
type modeling, the magnetism of iron is treated in a separate function. This leads to the difference 
between the phonon and the Dinsdale polynomial [81] (for example in the entropy curve - Figure 
23b). The magnetic contribution to the enthalpy of Fe is about 8 kJ.mol-1 at 300 K (Figure 24), this can 
result in a non-stability of intermetallic phases (i.e. Laves-Fe2W and -Fe7W6 phases in Fe-W system 
as seen in Chapter IV) whereas experiment and DFT calculations suggest the opposite. 
?
?
??
?
?
Figure 24 – Enthalpy of Fe calculated from the Dinsdale polynomial ?? and used in the Calphad 
modeling for the reference state of BCC Fe. The calculation of the enthalpy refers to pure Fe-FCC. 
????? ??????????? ??????????????????????????????????????
?????????????????????????????? ? ??????????????????????????
???????????????????????????????????????????????????????????????
?????????????????? ??? ??? ???????????? ????????? ????????????????
????????????????????????? ??? ????????? ??? ??????
2.2 Tungsten, W 
?????????????????????????? ?????????????????????????? ?????
????????????????????????????????????????? ????????????
?? ???????????????????????????????????????????????????????????
??????????????????????Figure 25?????????????????????????????????Figure 26
????????????????????? ??????????? ???????????????????????
??????????????????????????????????????????????????????Figure 26
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Figure 25 – Helmholtz free energy of W in QHA approximation as a function of the unit cell and 
temperature. The minimum values of the fitted equation of state (Vinet equation) are given by the red 
cross. 
 
Figure 26 – Heat capacity of W calculated in the QHA approach compared with experimental data 
[118] (round dotted red point), SGTE pure element from the Dinsdale polynomial [81] (red empty 
circles) and other phonon calculations in harmonic approximation [119] (red empty triangles) and 
QHA [117,120] (empty squares and black diamond). 
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II. Binary boundary systems 
1. Calculation in binary systems: Fe-Nb, Fe-Si, Nb-Si, Cr-Nb 
????????????????????????????????? ????????? ????????????????
???????????????????????????????????? ? ?????????????????????
??????????? ??????????????????????????????????????????????
???????????????????????????????? ??????????????????????????
???????????????????????????????? ?????????????????????????
???????????????????????????????????????????????????????
???????????????
???????????????????????????? ????????????????????????
????????????????????????????? ????????? ???????????????
????????????????????? ????? ?? ?????????? ????????????
????????? ??????? ???? ???????????? ?????????????????????????
???????? ???????? ??? ??? ?? ????????????????? ?????????
???????? ?????????
???????????????????????????????????????????????????????
??????? ??????????????? ???????????Figure 27-30 ??????????????
?????????????????????????????????? ? ???????????????????????
???????????????????????????????????????? ?
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Figure 27 - Enthalpy of formation of Fe-Si of the present work (black diamond) compared with 
experiments [122–125] (blue square, brown diamond, star) DFT [116,126] (red empty square, orange 
triangle) and Calphad [127,128] (dotted line, point line). HT=High Temperature. 
 
Figure 28 - Enthalpy of formation of Fe-Nb of the present work compared with experiments [36,37] 
(violet square, empty square), DFT [38] (red circle) and Calphad [38–40] (dotted, dashed, point 
lines). 
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Figure 29 - Enthalpy of formation of Nb-Si compared with literature from experiments [123,129] (blue 
triangle, green square), DFT [130,131] (green triangle, blue circle) and Calphad [17,132] (point line, 
red square). 
 
 
Figure 30 - Enthalpy of formation of Cr-Nb from DFT-ADF (red square) and Calphad modeling 
(balck line), the present results (given as present work) are published in Ref. [29] compared with DFT 
calculations [26,133–136] (symbols). 
For all binary systems, we noticed a good agreement of our calculated enthalpies of formation with the 
available literature data. This shows a good reliability of the results and the two different 
?
?
??
?
????? ?????????????????????????????????????????????????????????????????
???????????????????????????
2. Cr-Nb 
???????????????????????? ????????????????????????????????????
??????????????????????????? ??????????????????????????
????????????Table 18??
???????? Δ? ???????????????? ?????
?????????
???????
?? ? -1.83 (FM) 
-1.72 (NM)?
6.96 
6.93?
Present work 
?????? ??? ???
?????? ??? ???
?????? ??? ???
????? ??? ???
?????? ? ???
?? ? 75.38 (FM) 
75.39 (NM)?
7.51 
7.50?
Present work 
?????? ??? ???
?? ? 30.56 (FM) 
33.55 (NM)?
6.64 
6.66?
Present work 
?????? ??? ???
????? ? ???
?? ???? 15.33 (NM) 7.74 Present work 
????? ??? ???
????? ? ???
Table 18 – Enthalpy of formation of the optimized end-members from DFT calculation compared with 
literature data (also DFT calculations). 
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?????
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Figure 31 – Optimized phase diagram as presented by Schmetterer et al. ?? using DFT calculations 
of the present work and compared with available literature data ???????????. 
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Table 19 – Comparison of the temperature of the invariant reactions using the calculated phase 
diagram and the experimental values. 
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Chapter IV – Modeling of Fe-W phase diagram using first-principles and 
phonons calculations 
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I. Literature survey 
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?
?
?
?
?
?
??
?
??????????? ??????? ???????
?????????? ????
???????????
?????????
?????????
?????? ?? ???
???????????
?????????
?????????
????? ???
??????????????
?????????
???????? ???
?????????
??????????
Table 20 – List of the invariant reactions in Fe-W phase equilibria given in the literature and 
considered for the thermodynamic modeling. *The phase boundary on the W-rich side is not well 
defined, Ichise ??? gave a phase boundary at 97.4 %. We used this data for the peritectic 
temperature given by Sinha et al. ??. 
II. Modeling 
????????????? ??????????????????????????????????
???????????????????????????????????????????????????????????
??????????????????????? ??????? ? ? ?????????????????????
?????????????????????????????????????????????????
?????????????????????? ??????? ???????????????????????
????????????????????????????????? ?????????????????????????
???????????????????????????????
 ??????????????Fe????W?????????????
 ??????????????Fe????W?? ?W???Fe????????????
 ?????????????????????????? ??????????????
?????????????????????????????????????? ??? ??????????????????
???????????????????????????
1. Density Functional Theory (DFT) 
????????? ??????? ????????????????????????????????????
????? ??????????????????????????? ??????????????????????
?
?
??
?
?????????????????????????????????????????????????????????????
????????Table 23?Table 24???Table 25???????????????????????????????
?????????????????????? ??????????????? ????????? ?????
????? ??????????????????????????? ?? ? ??????? ?????????????
??????????????????????????????????????????? ??? ?????????
?????????????????????????????????????? ?????????????????
?? ??????????????????????????????????????????????????????
?? ??????????????? ????????????? ???????????????????????
????????????? ???????????
?????????????????????? ???????????????????Eq. 46
? Δ௙ܪ൫ܨ݁௫ ௬ܹ൯ ൌ 	ܧி௘ೣௐ೤ െ ൤
ݔ
ݔ ൅ ݕܧி௘ ൅
ݕ
ݔ ൅ ݕ ܧௐ൨? Eq. 46 
ܧி௘ೣௐ೤??????????????????????????????????????ܨ݁௫ ௬ܹ ???????????
?????????????????????????????????Table 23???????????????? ??
????????????????????????Table 24 Table 25???? ????????????????????
?????
2. Density Functional Theory Phonon Calculations 
????????????????????????????????????????????????????????? ??
???????????????????????????????? ???????????????????????????
?? ?????????????????????????????? ? ???????????????????????????
???????????????? ? ????????????????? ?????????? ????????? ???
??????????????????????????????????? ?????????????????????
?????????????????????????????????????????????????????
???????????? ??????????????????????? ????????????????????????
????????????????????????????????????????????????.  
?
?
??
?
??????????? ??????????????????????????????????????????????
?????? ???????????????? ??????? ?? ????????????????????????
??????????????????????????????????????????????????
? ܨ௣௛௢௡௢௡ሺܶሻ ൌ 	12෍԰߱௤,జ௤,జ
൅ ݇஻ܶ෍݈݊ ቈ1 െ ݁ݔ݌ ቆെ԰߱௤,జ݇஻ܶ ቇ቉௤,జ
? Eq. 47 
????q???????????????????????? ??????????????????????
???????
?????? ??????? ???????????????
?
ܥ௏ ൌ෍݇஻ ൬ ԰߱݇஻ܶ൰
ଶ exp ቀ ԰ఠ௞ಳ்ቁ
ቂexp ቀ ԰ఠ௞ಳ்ቁ െ 1ቃ
ଶ?
Eq. 48  
??????????????????????????????? ????????????????????????
?????????? ???????????????????????????????????????????????
???????????????????????Eq. 47?Eq. 48???????????????? ???????????
?????????????????????????????????????????????????????
????????????????????????c ?????????????????????????????
??a?? ????????????????????????????? ?????????????????????????????????????
??????????????????????????????????????? ? ????????????
???????????? ????????????????????????????????????Table 26 ??Table 27
????????????????????????????????????? ?????????????
???????? ???????????????????????????????????????????????
?? ????????????????????????????????????? ?????????????
?????????????????????????????????????????????????????
???????????????????????????????? ??????????? ???????????
??????????????????λ ?? ???? ?? ? ???? ?? ? ???? ?????????????
???????????? ????????????? ?????????????????????????????????
?
?
??
?
????? ????????????????? ???????????????????????????? ??????
???????????????????????????????? ??????????????????????
??????????????????? ???????????????????????????????????
?????????????????????????Eq. 49
? ܩሺܶ, ܲሻ ൌ ݉݅݊௏ൣܷሺܸሻ ൅ ܨ௣௛ሺܸ, ܶሻ ൅ ܸܲ൧? Eq. 49 
???????????????????????????? ????????????????????????
??????????????????????????? ???????????????????? ???
?? ???????????????Figure 34????????????????????????????? ?? ??
????Eq. 50?
? ܥ௉ሺܸ, ܶሻ ൌ ܥ௏ ൅ ܸܤߙଶܶ? Eq. 50 
??????????????????????????????????????????????????????
????????? ??????????????? ? ???? ????????????????Eq. 51
? ܵொு஺ ൌ ܵ௣௛ ൅ ܸܤߙଶܶ? Eq. 51 
?????????????????? ??????????????????????????????????? ??????????
???????????????????????????? ?????? ???????????????????????
????????????????????????????????? ?????????????????????
????????????????????????? ??????????????????Table 21 ?? ???????
???????? ?????????????
???????????? ??????????????????? ??????????? ??????
????????????? ? ??????????????
??? ? ????? ? ?????????????
??? ? ????? ????? ??? ? ????
Table 21 – Number of volumes and volumes of the crystal structure used to compute the quasi-
harmonic calculations. 
?
?
??
?
3. Calphad modeling 
??????????????????????????????????????????????????????????????
???????????????????????????????? ? ????????????????????????
???????????????????????????????? ?????????????????????
?????????????????????????????????????????????????????
???????????????????????????????????
??????????????????????????????????????? ???? ???????????????????
???????
?????????????????????????????????????????????????
??? ???????????????????????????????????? ??????????
?????????????????????????????????? ? ????????????????????
????????????????????????????????????????? ????????
?????????????????????????????????????? ?????????????
???????????????????????????????????????????????????????????
???????????????????????????? ????????????????????
????????????????????????????ܮ௜௝ ?????????????????????
??????????????
ܮ௜,௝ఈ ൌ ܮ௜,௝ఈ଴ ൅ ܮ௜,௝ఈ ൫ݔ௜ െ ݔ௝൯ ൅	 ܮ௜,௝ఈ ൫ݔ௜ െ ݔ௝൯ଶ ൅ ⋯൅ ܮ௜,௝ఈ ൫ݔ௜ െ ݔ௝൯௡௡ଶଵ ? Eq. 52 
??ܮ௜,௝௡?????????????????????????Eq. 53?? ???????????????????????
?????
ܮ௜,௝ఈ௞ ൌ ܣ ൅ ܤܶ? Eq. 53 
???? ?????????????????????????????????????????????????????????
????????????????????????????????? ????????????????? ?????
???????????????????????????????????? ???????????
?
?
??
?
3.1. Substitutional solutions: Liquid, BCC, FCC 
??????? ???????????????????????????????? ????? ???
???????????????????????????Eq. 54
? ܩ௠ఈ ൌ ݔி௘ ܩி௘ఈ଴ ൅	ݔௐ ܩௐఈ ൅ ܴܶሺݔி௘ ln ݔி௘ ൅ ݔௐ ln ݔௐሻ ൅ ݔி௘ݔௐܮி௘,ௐఈ଴ ? Eq. 54 
????ݔி௘, ݔௐ? ??? ??????????????????????????ܩ௠ఈ ??? ????????????
????????ܮி௘,ௐఈ ?????????????????????????????????????????????
ܮ௜,௝ఈ 	?????????????????????????????????????????Eq. 52 ??????????
??????Eq. 53? 
3.1. -Fe2W C14-Laves phase 
?????????????????? ????????????????? ?????????????????
?????????4f ???2a???6h?????????????????????????????????????????
????????????????????????????????? ????????????????? ???
????A??? ?B?? ???????????????????????????????????????? ??????
???????????????2a ?6h???????????????????????????????????Fe ?
?W?????????? ??????????????????????????????
? ܩ஼ଵସ ൌ ݕி௘ଵ ݕௐଶ ܩி௘:ௐ଴ ൅ ݕௐଵ ݕி௘ଶ ܩௐ:ி௘଴ ൅ ݕௐଵ ݕௐଶ ܩௐ:ௐ଴ ൅	ݕி௘ଵ ݕி௘ଶ ܩி௘:ி௘଴
൅ ܴܶሾ2ሺݕி௘ଵ ݈݊ݕி௘ଵ ൅ ݕௐଵ ݈݊ݕௐଵ ሻ ൅ ሺݕி௘ଶ ݈݊ݕி௘ଶ ൅ ݕௐଶ ݈݊ݕௐଶ ሻሿ? Eq. 55 
????ݕௐ,ி௘ଵ,ଶ ????????????????????????????????????????? ??ܩி௘:ௐ଴ ?
?????????? ? ???????????????????????????????????????????????
??????? ???????????? ???????????????????? ??????????????
??????????????????? ????????????????????????????????????????????
?????????????????????????????
?
?
??
?
?????????????????????????????????????????????????????????????
????????????????????? ??????????? ?????????????????????
??????? ????????????????????????????????? ???????????????
?????????????????????????????????????????????????????????????
??? ??????????????????????????????????????
3.2. µ-phase 
??????????????????????????????????????? ?????????
??????? ???????????????????????? ?? ?? ??????????????????? ??
??????????????????????????????Fe ???W?? ?W???Fe???????????????
????6c?????????????????????????????????? ???????????????
??????????????? ???????????? ??????????? ?? ? ????????????????????
???????? ??????????????????? ????????? ? ?????????? ???????????????
????????????????????????????Table 22
??????????????
???????????
?
??? ? ?? ? ? ?? ?
?Fe??? W?? ?? W?? Fe??? ??????
??? ???? ?? ??
???? ?? ? ?? ??
?? ???? ? ?? ??
????? ? ?? ??
??? ??? ? ?? ??
???? ?? ?? ??
?? ????? ??
????? ??
Table 22  - Atoms placed on the different Wyckoff position constituting the different end-members in 
the  phase according to the four sublattice model ?? and name of the different end-members 
according to this model. 
???????????????????????????????????Eq. 56
?
?
??
?
? ܩఓ ൌ ݕி௘ଵ ݕௐଶ ݕி௘ଷ ݕி௘ସ ܩி௘:ௐ:ி௘:ி௘଴ ൅ ݕி௘ଵ ݕௐଶ ݕி௘ଷ ݕௐସ ܩி௘:ௐ:ி௘:ௐ଴
൅ ݕி௘ଵ ݕௐଶ ݕௐଷ ݕி௘ସ ܩி௘:ௐ:ௐ:ி௘଴ ൅ ݕி௘ଵ ݕௐଶ ݕௐଷ ݕௐସ ܩி௘:ௐ:ௐ:ௐ଴
൅ ݕௐଵ ݕௐଶ ݕி௘ଷ ݕி௘ସ ܩௐ:ௐ:ி௘:ி௘଴ ൅ ݕௐଵ ݕௐଶ ݕி௘ଷ ݕௐସ ܩௐ:ௐ:ி௘:ௐ଴
൅ ݕௐଵ ݕௐଶ ݕௐଷ ݕி௘ସ ܩௐ:ௐ:ௐ:ி௘଴ ൅ ݕௐଵ ݕௐଶ ݕௐଷ ݕௐସ ܩௐ:ௐ:ௐ:ௐ଴
൅ ܴܶሾሺݕி௘ଵ ݈݊ݕி௘ଵ ൅ ݕௐଵ ݈݊ݕௐଵ ሻ ൅ 2ሺݕி௘ଷ ݈݊ݕி௘ଷ ൅	ݕௐଷ ݈݊ݕௐଷ ሻ
൅ 6ሺݕி௘ସ ݈݊ݕி௘ସ ൅ ݕௐସ ݈݊ݕௐସ ሻሿ?
Eq. 56 
?
????????????????????????? ???????????????
4. Optimization method 
??????????????????????????????????????????????????????
????????????????????????? ?????????????????????????????
????????????? ??? ???????????????? ??????????? ? ?????????
??????????????????????
???????????????????????????????????????? ?????????????????????
??????? ?????????????????????????????????????? ?????????????
?????????? ??????????????????????????????????? ????
????????????????????????????????
?????????????????????????????????????????????? ??????????
???????????????????????????????????????????????????????
????????????????????????????????? ????????????????????
?????????????????????????? ??????????????
4.1  BCC, Liquid, FCC 
???????????????????????????????????? ???????????????
??????????????????????????????? ??????????????????????
???????? ???????????????????????? ??? ???????????????????????
?
?
??
?
?????????????????????????????????????????? ?????
????????????????????? ? ???????????????????????????????????
???????????????????????????????????????????????????????????
???????????????????????? ???????? ? ????????????????????????
????????????????????????????????????????????????????????????
??????????????????????????????????????????????????????????????
??????????????????????????????????????????????????????????????
??????????????????????????????????????????????? ??????
Table 20????????????????????????????? ??????????????????? ??
?????????????????????????????????? ??????????????????????
??????????????????????????????????????????????????????????????
??????????????????????????????????????????????? ??????????
?????????????????????????????? ?????????????????????? ???
???????????????????????????????????????????????????????????????????
??????????????? ????????? ????????? ???? ??????????????????
???????????????? ??????????????????????????????????????? ?
?????????????? ???????????????????????????????????????????
??????????????????????????????????????????????????????????????
???????????????????????????????????????????????????????????
??? ??????????????????????????????????????????????????????
??????????????????????????????????????? ?????????????????
??????
??????????????????????????? ?????????????????????????
??????????????????? ??? ????????? ???????????????????????
???????????????????????????????? ?????????????? ????????
???????????????????????????????????????????????????????
?????????????
?
?
??
?
4.2 FCC 
????????????????????????????????????????????????????
?????????????? ????????????????????? ?????????????????
????????????????????????????????????????????????????????
????????????????????????????????????? ? ???????????? ?
????? ?????????????????????? ??????????????????? ???
?????????????????????????????????????????????
???????????????????????????????????????????????????????
??????????????????????????????????????
4.3 The intermetallic phases: Laves- and µ-phases 
? ???????????????????????????????????????????????????????
?????????????????????????????????????????
a) Using 0K enthalpies of formation from DFT calculations only 
??????????????????????????????????????????????????????????????????
??????????????????????????????? ??????? ?????????????????
?????????????????????????????????? ????????????????????
????? ????????????????????????????????????????????????
?????????????????????????? ????????????? ????????????
??????????????????????????????λ ? ??? ?????????Table 24???Table 
25?????????????????????????????? ?????????????????????????
????
???????????????????? ??????? ???????????????????????????
???????????????????????????????? ???????????????????????
??????????????????????????? ???? ??????????????????? ??????
?? ????????????????????????? ??????? ??????????????????????????
?
?
??
?
???? ?????????????????????? ?? ????? ?????????????????????????
??????????????????????????????????????????????????????
???????????????? ??????????? ??????????? ?? ??? ???????
????????????????????????????????????????????????????????????
????? ???? ? ???????????? ???????????? ??????????? ???????
?????????????????????????????????????????????????????
?????????????????
b) Finite temperature DFT 
?????????????????????????????????????????? ???????????
?????????? ???????????????????? ? ? ???????????????? ???
?? ??????????????????????????????????????????????????????????
?????Eq. 57?
? ܩ ൌ ܣ ൅ ܤܶ ൅ ܥ݈ܶ݊ሺܶሻ ൅	ܦଶܶଶ ൅ ܦଷܶଷ ൅ ܦିଵܶିଵ? Eq. 57 
??????????????????????????????????????????????????????????????????
????????????????????????????????????????????????????????????????
????????????????????????????????????????????????????????????????
???????????????????????????? ????????????????????Eq. 58 ?
? ܥ௉ሺܶሻ ൌ െܶ ቆ߲
ଶܩ
߲ܶଶቇ ൌ െܥ െ 2ܦଶܶ െ 6ܦଷܶ
ଶ െ 2ܦିଵܶିଶ?
Eq. 58 
??????????????????????????????????? ?????????????????????
???????????????? ????????????????????? ? ??????????????????
?????????????????? ????????????????????????????????? ??? ?
????????????????????? ? ???????
?
?
??
?
????????????????????????????????Eq. 58 ???????????????????
??????????????????????????????????????????????????????Eq. 57??
??????????????????????? ???????????????? ?????????????
???????? ????????????????Table 26???Table 27????????????????????
???????????? ?????????????? ??????????????????????????? ???
?????????????????????????????????????????????????????????????
???????????λ ?? ?????? ? ??????????????????????????????????
???????????????????????????????????????????????
??????????????????? ????????????????????????????????????????? ?
????????????????????? ?????????????????????????????????Figure 40 ?
??????????????????????Table 27
III. Results and discussions 
1. DFT calculations 
????????????????? ???????????????????????????????????? ??
????????????????? ??????????Table 23 ?????????????????????????
???? ?????? ???????????????? ??? ????????? ???????????
????????????????????????????????? ?? ????????????????????????
???????????????????????????????????????????????
?
?
?
?
?
?
?
??
?
????????????????? ?????
???????????
??Å? ??????
?????
???????????? ???????????
??????????? ????? ????
??????????? ????? ????
??????????? ????
?
???????????? ????? ???????
?????????? ????
Table 23 – Energies and lattice parameters of Fe and W in their pure stable state bcc compared with 
literature. 
?????????????????????????????? ????????????????????????
???? ??????? ??? ?????????Eq. 46 ????????? ??????????????Table 24
??Table 25 ???????????????????? ?????? ?????????????? ?????????
??????????????????????????? ??????? ???????????? ??????
?
?
?
?
?
?
?
?
?
?
?
??
?
??????
?????
?????
???
??????
?
???????
????
????
??????
?????
?
??????
??
????
????
??????
?????
??? ??? ??? ???
??
?
???
?? ?
??
????? -2.83 ???? ???? ????? ????????? ????????? ??????????
? -8.93 ? ? ? ? ? ? ?
????? ?
??????????
?????????????? ????? ?????
? ? ?
???????
????
? ? ? ? ? ?
???????
????
? ? ? ? ? ?
???????
????? ??? ??? ???? ???? ???? ??? ???? ????????
? ? ?
????? 82.29 ??????? 188.29 ???? ??????? ????? ?????????
????????????????? ???
? ? ?
???????
?? ?
????? 16.69 ??? ???
?
???? ????????????? ?????????
?????????????? ????? ?????????????? ????? ????? ? ?? ??
? ???? ???
? ? ?
???????
????????? ??? ???? ????
? ? ?
???????
? ????? ???
? ? ?
???????
????????? ????????????
? ? ?
???????
? ?
?????
 ? ? ?
44.18 ??? ??? ????? ?????????
?????
? ? ?
?????? ??? ????? ??????????
?
? ? ?
???
? ?
?? ?
????
??????? ?
? ?
???? ?????
Table 24 – Enthalpies of formation of end-members in C14 Laves phase compared with literature 
???????????????. 
?
?
?
??
?
??????
?????
?????
???
??????
?
??????
??????
????
??????
?
??????
??????
????
??????
??? ??? ??? ???
?
?? ?
??? ??
???? 0.46 ??? ???? ??? ??? ???? ????????
? -5.8 ? ? ? ? ?
????? ??????
???
??? ? ??? 6.01 ??? ???? ??? ??? ???? ????????
??? ??
???? -3.24 ??? ??? ???? ??? ???? ????????
? -8.17 ? ? ? ? ?
????? ??????
???
? ??? ? ? ? ? ? ???????
? ?????????? ???? ???? ???? ????
??? ??
???? -0.975 ??? ???? ??? ??? ???? ????????
? -5.2 ? ? ? ? ?
????? ??????
???
??? ????? 33.086 ??? ???? ???? ??? ???? ????????
??? ????? 37.245 ???? ???? ???? ??? ???? ????????
?? ????? 28.89 ??? ???? ???? ??? ???? ????????
? ??
???? ? ? ? 34.53 ???????? ????????
? ? ? ? ?? ? ? ???????
Table 25 – Enthalpies of formation of the end-members in the  phase in Fe-W system compared with 
literature ????????. 
???????? ????? ?????? ??? ?? ??? ? ??????? ? ???? ?????????????
???????????????????????? ?? ???????????????????????????????
????? ?????
?
?
??
?
2. Phonon results 
????????????????????????????????????????????????????????????
?????????????????????????????????????????????????????
???????????????????????????????????? ?????????????????????
????????????????????????????????????? ???????????????????????
????????? ?????????????????? ???????????????????????????
???????????????????????????????????????????????? ??? ? ??
?? ???????????????????????????????????? ???????????
????????????????????? ??????????????????????????????????
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Figure 32 – Calculated heat capacity at constant volume from phonon calculations for the different 
end-members in the Laves phase. The heat capacity at constant pressure of the stable compound Fe2W 
is given as black line obtained from quasi-harmonic approximation phonon calculations. 
????? ? ???????????????????????????????????????????????????
????????????????????????????????????????????????????????????
????????????????????????????????????????????????????????
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?????? ????????????? ??Figure 32???Figure 33???????????????
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???????????? ????????????????????????????????????????????????
??????Eq. 57??????????????????????Table 26???Table 27???????????????
???????????????????????????????? ?????????????????????????
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?? ????????????????????????????? ?????????????????????????
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?
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??????Eq. 57??????????????????????????????????????????????????????
????? ???????????
?
Figure 33 –Heat capacity at constant volume and pressure for the different end-members in the  
phase. The data of the end-members which showed imaginaries frequencies are not shown here.  
? ?????? ?? ???? ? ??
?? ? ?? ???????? ???? ???? ?????? ??????
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Table 26 – Optimized parameters obtained by fitting the phonon results to Eq. 58 for the end-members 
in the Laves phase and used as starting values for Fe2W and W2Fe description on the thermodynamic 
phonon phase diagram (SC: supercell). 
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Table 27 – Fitting of the phonon heat capacities curves for the  phase according to Eq. 58 and used 
as starting values for the thermodynamic modeling of the phonon phase diagram. 
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Figure 34 – Gibbs energy of Fe2W in QHA approximation as a function of the unit cell and 
temperature. The minimum values of the fitted thermodynamic calculations are given by the red 
crosses.  
 
Figure 35 - Gibbs free energy (G (V, T)) of -Fe7W6 calculated using the QHA approximation. The 
point denotes the calculated G (V, T) at different volumes, the red crosses are the minimization of the 
curve according to the Vinet equation of state. 
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Figure 36 - Gibbs free energy (G(V,T)) of -Fe6W7 calculated using the QHA approximation. 
3. Thermodynamic optimization 
As mentioned in the previous part the liquid, BCC and FCC phases were modeled independently from 
the DFT and phonon calculations. Nevertheless as last step of the optimization, the use of DFT and/or 
phonon calculations influence the interaction parameters of the BCC phase. It turns out that the L0 
parameters of the BCC had to be adjusted depending on the use of the DFT or phonon. As the BCC 
phase is in direct interaction with the Liquid and FCC phases, their L0 parameters were also adjusted 
depending on the use of DFT or phonon calculations. 
3.1. DFT based phase diagram 
The end-members of the intermetallic phases were defined with their respective enthalpies of 
formation obtained from DFT calculations (Table 24 and Table 25). The enthalpies of formation of 
several end-members were optimized using the calculated enthalpies of formation as experimental 
values as the function of pure Fe described by the GHSERFE function [81] which does not include the 
contribution of magnetism. The obtained optimized enthalpies of formation are given in Table 24 and 
Table 25 and compared with the DFT values. There is a difference about 8 kJ.mol-1 per Fe atom (see 
Figure 24) arising from the magnetism of Fe which is not included in the Dinsdale polynomial [81]. 
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???
? ܩி௘:ௐ:ௐ:ி௘ఓ଴ ൌ 7 ܩி௘஻஼஼_஺ଶ଴ ൅ 6	 ܩௐ஻஼஼_஺ଶ଴െ 106224.1 ൅ 48.93ܶ 
?????
? ܩௐ:ௐ:ௐ:ி௘ఓ଴ ൌ 6 ܩி௘஻஼஼_஺ଶ଴ ൅ 7	 ܩௐ஻஼஼_஺ଶ଴െ 67688.98 ൅ 80ܶ 
?????
? ܩி௘:ௐ:ி௘:ௐఓ଴ ൌ 3 ܩி௘஻஼஼_஺ଶ଴ ൅ 10	 ܩௐ஻஼஼_஺ଶ଴൅ 430118 
???
? ܩௐ:ௐ:ி௘:ௐఓ଴ 	ൌ 2 ܩி௘஻஼஼_஺ଶ଴ ൅ 11	 ܩௐ஻஼஼_஺ଶ଴൅ 484188 
???
? ܩி௘:ௐ:ௐ:ௐఓ଴ ൌ 1 ܩி௘஻஼஼_஺ଶ଴ ൅ 12	 ܩௐ஻஼஼_஺ଶ଴൅ 375549 
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Table 28 – Thermodynamic parameters for the description of the DFT phase diagram. 
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Figure 37??Calculated phase diagram (solid line) using DFT calculations for the description of the 
end-members compared with experimental data ????????????. a) Full range of the phase 
diagram, b) Congruent point on the Fe-rich side, c) Gamma loop.?
3.2. Phase diagram based on phonon calculations 
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Figure 38 - Calculated phase diagram with phonon calculations for the description of the end-
members compared with experimental data ?????????????. a) Full range of the phase 
diagram, b) Congruent point on the Fe-rich side, c) Gamma loop. 
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Table 29 – Thermodynamic parameters for the description of the phonon phase diagram. 
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Figure 39 – Heat capacity of Fe2W Laves phase calculated from phonon quasi-harmonic 
approximation (Cp) and Calphad.  
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Figure 40 – Heat capacities of -Fe7W6 calculated from the phonon thermodynamic assessment 
compared with results from quasi-harmonic approximation. 
3.3. Comparison of the phase diagrams 
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Figure 41 – Comparison of the two optimized phase diagram, with solid lines the calculated phase 
diagram from DFT and with dotted lines the calculated phase diagram using phonon calculations. 
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Table 30 – Calculated invariant reactions obtained from the optimized phase diagrams based on DFT 
and phonon calculations. 
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Figure 42 – Enthalpy of mixing of liquid at 1900 K calculated from the  DFT and phonon optimized 
phase diagrams compared with data from Sudavtsova ???. 
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Chapter V – The Cr-Fe-Nb system 
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Table 31 - Crystallographic data of all phases involved in the present study of Cr-Fe-Nb. 
I. Experimental determination of the isothermal sections at 700°C, 
1050°C and 1350°C 
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Figure 43 - Isothermal sections of Cr-Fe-Nb given at 700°C. The results showed in dashed line were 
extrapolated from higher temperature isothermal sections as well from binary data. 
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Figure 44 - Isothermal section at 1050°C. Phase equilibria are drawn according to the experimental 
results given in Table 34. 
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Figure 45 - Isothermal section at 1350°C according to the experimental results from SEM/EDX and 
XRD given in Table 35. 
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2.1 Extension of C15 and C14 laves phase (Fe,Cr)2Nb in the ternary system 
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Figure 46 -  Metallography investigation of sample 25 (Cr54Fe6Nb40) in the three phase field 
(C15+C14+Nb) annealed at a) 1050°C, b) 1350°C. 
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Figure 47 –EBSD phase maps for the 1050°C isothermal section for the determination of the phase 
field between the C14 and C15 Laves phase together with the evaluation of the structures with XRD. 
For the two upper pictures, the different colors represent, red=C14, blue=C15 and green=BCC. 
On each side of the Laves phase, the lattice parameters, volumes as well as c/a ratio in C14 were 
determined from samples placed along 25 and 40 at.% Nb and annealed at 1050°C and 1350°C, 
respectively (Figure 48 and Figure 49). The lattice parameter in the C14 laves phase follow a linear 
tendency with the increase of Cr content which is consistent with a continuous solid solution. There is 
then a discontinuity on the lattice parameters once the system reaches the boundary of the two phase 
field (C14-C15), this is shown by the dotted line in Figure 48 and Figure 49. The lattice parameters as 
well as the c/a and volumes show a deviation from the linear tendency observed at higher Cr content. 
At 1350°C, the two phase field region is reached at 56.1 at. % Cr showed by a break in the increase of 
the linear tendency of the c/a ratio. 
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Figure 48 – a) Lattice parameters and b) unit cell volume of the Laves phase determined by XRD for 
samples with 40 at. % Nb after annealing at 1050 °C. Data for binary Cr2Nb and Fe2Nb at 1100 °C 
were taken from reference [34]. 
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Figure 49 – Lattice parameters and c/a ratio of the C14 phase at 1350°C along the section of 40 at. % 
Nb. ?
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2.2 The Nb rich side 
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Figure 50 – Backscattered electron SEM images of the microstructure of the sample 28 
(Cr14Fe34Nb55) annealed at a) 1050°C and b) 1350°C showing the three phase fields Nb+µ+C14. 
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Figure 51 - Lattice parameters of the µ phase as a function of the Cr content after annealing at 
1050°C and 1350°C. 
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Table 32 – Refinement of the crystal structure T (). 
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2.3 The Cr-Fe side 
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Figure 52 – Microstructure and XRD analysis of the three phase field C14+σ+BCC on the Fe-Cr-rich 
side at 700°C. a) SEM image of the microstructure of the sample 15 (Cr38Fe57Nb5) annealed at 
700°C showing the three phase field equilibrium between BCC, σ and C14 Laves phase and b) XRD 
evaluation of the sample. 
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Conclusion 
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II. Thermal and solidification behavior of the Cr-Fe-Nb system 
????? ??????????????????????????????????????????? ??????????????????????????
????????????????????????????????????????? ???????? ???????????????????
???? ??????? ???????Table 36 ??????????????????????????????????????????
????? ???????????????????????????????????????????????????????????????
?????????????????????????????????????????????????????? ???????????????
?????????????????? ?????????????????? ???????????????????????
Reactions  Type  Temperature 
(°C) 
 References 
Nb-Cr  ? ? ? ?
??? ?? ???? ? ????
???????? ? ???? ? ????
???????? ? ? ???? ? ????
Fe-Nb  ? ? ? ?
??????? ?? ? ???? ? ????
??????? ? ???? ? ????
???????? ? ????? ? ????
Fe-Cr  ? ? ? ?
?????? ? ? ? ???? ? ????
??????? ? ? ? ???? ? ????
???σ?? ??? ? ????
?σ????????????? ? ???????? ? ????? ????
Table 36 – Invariant reactions in the binary boundary systems of the Cr-Fe-Nb phase diagram. 
?????????????????????? ??????????????? ? ??????????????????
????????
???????????????? ????????????? ????????????? ?????????????????????
?????????????????????????????????????????????????????????
????????????????????????????????????????????????????????????????
??????????????????????????????????????????????????????????????????
????????????????????????????????????????????? ?? ??????????????????????
?????????? ?????????????????????????????????
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1. Results 
The nominal compositions as well as the results of the phase analysis after alloying of the as-cast samples 
are summarized in Table 38. The composition and the primary crystallization of the as-cast samples are 
given in Figure 53. 
 
Figure 53 – Compositions and primary crystallization of the as-cast samples.  
As shown by the isothermal sections presented in the previous chapter, the Cr-Fe-Nb phase diagram does 
not contain ternary compounds but instead a high solubility of a third element in the different binary 
compounds (except for σ phase which has no perceptible solubility of Nb according to the results 
obtained at 700°C).  
The presented primary crystallizations of the as-cast samples as well as the binary invariant reactions 
(from literature, see Table 36) were used to construct the liquidus projection (Figure 55). The 
compositions of the ternary invariant reactions and their types (i.e. type I-Eutectic, type II-U, type III-
Peritectic) have to be consistent with the data obtained for the isothermal sections: 
0 20 40 60 80 100
0
20
40
60
80
100
0
20
40
60
80
100
at. %
 Fe
 BCC
 Mu
 Laves phase
at
. %
 N
b
at. % Cr
Nb Cr
Fe
 
 
134 
 
- At the eutectic point which is a local minimum, the liquid is in equilibrium with three solid 
phases, C14 + BCC + µ. The eutectic point must lie within the three phase field as shown in 
the scheme below; 
 
- In a U type reaction, liquid and one solid phase are in equilibrium with two other solids, so 
the composition of this point cannot be in the three phase equilibrium as seen as sketched 
below. 
 
The invariant reaction types were determined from the study of the microstructure of the as-cast samples 
by SEM. Following the sketches of the different types of the invariant reactions, the three phase field 
(C14 +  + Nb) of the different isothermal sections have been superposed for the determination of the 
eutectic point. In the same way, following the sketch of the U-type reaction, their respective places were 
determined. 
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Figure 54 - Superposition of the three phase fields obtained from the studied of the isothermal sections as 
given in Figure 43, Figure 44 and Figure 45 as well as the binary invariant reactions as a guide to place 
the ternary invariant reactions in consistency with the isothermal sections. 
 
Figure 55 – Liquidus projection of the Cr-Fe-Nb system. 
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?
?
???
?
???????????????????????????????????? ?????Table 37 ????? ????
??? ???????????????????????? ??????????????? ???? ??????????????
??? ????????????????????????????????????
Reactions  Type  Temperature 
(°C) 
?↔??????  ??????
????↔??????  ???? ?
????↔?????? ? ??? ? ???
?↔????????? ? ?? ? ????
?↔??????? ? ?? ? ????
Table 37 – Invariant reaction in the ternary Cr-Fe-Nb system. 
2. Discussion 
2.1 Cr-Nb side 
??????????????????????????????? ?????????????????????????????????
???????????????????????????????????????????????????? ???????????
????????????????????????? ????????????????????????????????????
????? ????????????? ?????????????????????????????????????? ??????
????????????????????????????????????????????? ????????????Figure 44 ??Figure 
45???????????????????????????????????????????????????????????????????
?????????????Figure 56???Figure 57????????????? ?????????????? ??????????
???????????????????????????????????????????????????????????????
?
?
???
?
?
Figure 56 - As cast microstructure of the sample 26 - Cr51Fe9Nb40 with primary crystallized the 
Laves phase (dark) and (Nb)+C14 eutectic.?
?
Figure 57 - As cast microstructure of the sample 23 – Cr66Fe9Nb25 with the primary crystallized 
Laves phase (light) and C14+ (Cr) in eutectic.?
?????? ??????????????????????????????????????????????????????????
???????????????????????????????????? ? ??????????Figure 55????
?????↔??????????? ????↔????????
?
?
???
?
1.1.?Fe-Nb side 
???????????????????? ??????????????????????????????? ? ? ?????????
????????????????????????????????????????????? ?? ?? ?? ?
???????????????????????????????????????? ?????? ???????????????
?? ????????????????????????????? ??????????????Figure 58 ??? ????????
???????Figure 55??????????? ??????????????????? ???????
?
Figure 58 – SEM micrograph of cast sample 30 (Cr20Fe30Nb50), C14 Laves phase being the primary 
crystallization surrounded by an eutectic microstructure formed by  and Nb. 
1.2.?Cr-Fe side 
????????????? ????????????? ????????? ??????Figure 53? ??????????
?????????????????????????????????????????????????????????????? ?????? ??????????
??????????? ????????????? ??????????? ??????? ????????????????????
????????????????????????????Figure 59 ? ? ??????????????????????????
??????????????????? ????????????????Figure 55 ?
?
?
???
?
?
Figure 59 – SEM image of the microstructure of the sample 15 (Cr38Fe57Nb5) as cast showing BCC as 
primary crystallization and a eutectic microstructure (C14+BCC). 
1.3. Ternary invariant reaction 
?????????????????????????????????????????????????????????????????
??????????????????????????????????????? ?????????????? ?
???????????????????????????????????????????????????????????? ??????
???????????????????????????????????????????????????? ????????????????
??? ????????????????????????????????????????????? ???????????????????
??? ??????????????????italic)? ????????????Figure 60????????????????????
???????????????????????????????????????????? ????????????????
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Figure 60 - Reaction scheme of the Cr-Fe-Nb phase equilibria without taking into account the Cr-Fe side. 
The data for the binary Cr-Nb and Fe-Nb and were taken from Stein et al. [18] and Voss et al. [35], 
respectively. 
Conclusion 
Using data on primary crystallization and the knowledge of the invariant reactions in the binary system, 
the liquidus surface of the Cr-Fe-Nb system has been constructed. Further DTA measurements are 
necessary for the determination of the temperature of the invariant reactions and for the determination of 
the U type compositions (obtained from the isopleth). 
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III. Thermodynamic modeling of the Cr-Fe-Nb ternary system 
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?????????? ?????????????????? ??Table 31 ??? ????????????????????
?????????????????????????????????????????????????????????????????
???????????? ?????????????????? ??????????????????????????
??? ?????????????????????? ??????? ???????Table 37
2. Thermodynamic modeling 
??CAL???????PHA??D??????????????? ???????????????????????
?????????????????????????????????????????????????????????????
??????????????????????????????? ? ?? ??? ???? ??????????????????????
????? ??????????????????????????? ????????????????????????
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2.1. Solution phases: BCC, FCC and Liquid 
????????? ????????????????????????????????? ??????????????????
???????????????????????????
? ܩ௠ఈ
ൌ ݔ஼௥ ܩ஼௥ఈ଴ ݔ஼௥ ൅ ݔி௘ ܩி௘ఈ଴
൅	ݔே௕ ܩே௕ఈ ൅ ܴܶሺݔ஼௥ ln ݔ஼௥ ൅ ݔி௘ ln ݔி௘ ൅ ݔே௕ ln ݔே௕ሻ ൅ ݔ஼௥ݔி௘ݔே௕ܮ஼௥,ி௘,ே௕ఈ଴ ?
Eq. 59 
?
???????????????? ????????????????? ???
2.2. σ phase 
??σ????????????????????????????????????????????? ???????
???????? ??????? ??? ?? ????????????????????? ??????????????? ? ?
? ??? ??? ??? ????????????????????????????????????? ???????????????????????
????????????????????????????Table 11 ?????????? ?????
?
?
???
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?????????????????????????????????????????????????????????????????????
?????????????????????????????????????????????????????????????????
???????? ???????? ??????? ????????????? ????? ? ??????????? ????
????? ???????????????????????????????????????????
????????????????????? ????????????????? ???????????? ? ?? ? ? ???
??????????????????????? ?????????????? ???? ???? ? ??? ?? ?????????
? ??????????????????? ????? ? ???????? ?? ???????? ?????????
?????????????????????????????????????????????????????
??????????????????????????????? ??????????????
ܩఙ ൌ෍ ෍ ෍ ݕ௜ଵݕ௝ଶݕ௭ଷܩ௜:௝:௭ఙ௭௝௜
൅ ܴܶ ቆ10෍ ݕ௜,௝,௭ଵ௜,௝,௭ ln ݕ௜,௝,௭
ଵ ൅ 4෍ ݕ௜,௝,௭ଶ௜,௝,௭ ln ݕ௜,௝,௭
ଶ
൅ 16෍ ݕ௜,௝,௭ଷ௜,௝,௭ ln ݕ௜,௝,௭
ଷ ቇ?
Eq. 60 
????ݕ௜௞??????????????????????????? ?????ܩ௜:௝:௭ఙ ? ????????????????
2.3. Laves phases C14 and C15 
???????????????????????????????????????????????????????????? ??
???????????????? ????????????????????? ???????????????????????????
????????????????? ?????? ????????????????? ? ???????????????????
?????? ???????????????????????????? ???????? ?????????????????
????????????????????????? ?????????????? ?????????????????????
?????????
????????????????????????????????????????????????????????????????????
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? ܩఒ ൌ෍ ෍ ݕ௜ଵݕ௝ଶ௝௜ ܩ௜:௝
ఒ ൅ ܴܶ ൬2෍ ݕ௜ଵ௜ ln ݕ௜
ଵ ൅෍ ݕ௜ଶ௜ ln ݕ௜
ଶ൰
൅෍ ෍ ෍ ݕ௜ଵݕ௝ଶݕ௞ଷܮ௜:௝,௞ఒ௞௝௜ ?
Eq. 61 
??????????????????????ݕ௜ଵ? ?????????????????????????? ??????ݕ௝ଶ?? ????
?????????????????????????ܩ௜:௝ఒ ? ?? ?? ?????????????????????
2.4.  phase 
???????????????????????????? ????????????????????? ?????????????
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????????????????????????????
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3. DFT calculations 
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????????????????????? ????????????????????????????????? ? ?????
????? ??????????????? ????????????? ?????????????????????????????? ?????
??????????????????? ????????? ?????? ???????????????? ????????
??? ???????????? ??
??????????????????????????????????????????? ?????Eq. 25 ? ????
?????????? ??????????
???????????????????????????????????????????????Table 39 ? ??????
???????????????????????????????????????????????
?????????? ? ?????? ???? ???
????? ?????????? ???????
????? ????? ????? ???????
????? ????? ????? ?????
Table 39 – Total Energy ground state of the pure elements calculated by DFT. 
???????????? ?????????????????????????? ???????????? ??????????????? ????
????????????Table 40-43 ??????????????????????????????????????????? ??
??? ????????? ??????????????????????????????????????????????????????
?
?
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?
????? ?????????????????????????????????????? ????????? ????????????????
???????? ????71
4. Results and discussions 
4.1 DFT calculations 
????????????? ??????????????????????????????????????????????????Table 
40-43??????????????????????????????????????????????????????????????
????????????
a. σ phase 
????????????????????? ???????????????? ???????????????? ? ?
???????Table 40????????????????????????? ???????????????
? ?? ?? ?
? ??? ???
? ???
?? ? ????????????
?? 
? ?? ????
?? 
? ?? ???? ???
???? ????????????
???????
? ????
????? ? ?? ????? ??? ??? ???? ???? ??? ???
????? ? ??????? ??? ??? ???? ???? ??? ???
????? ? ?? ??????? ??? ??? ??? ???? ??? ????
??? ? ????
??????? ??? ???? ???? ??? ?????
??????? ??? ?? ? ? ???
??? ? ??????? ?????? ?????? ??? ?????
??? ? ????????? ??? ??? ???? ???? ??? ???????
??? ? ???? ??????? ??? ???? ??? ??? ??????
??? ? ?? ? ? ? ???? ? ? ???
??? ? ???? ??????? ??? ???? ???? ??? ??????
???? ?? ? ?????? ??? ??? ??? ???? ???? ??? ?????
???? ?? ? ???? ??????? ??? ???????? ??? ???????
??? ? ????? ??????? ??? ???? ???? ??? ?????
Table 40 – Energies of formation of the different end-members calculated in the σ phase. 
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The results of the enthalpies of formation in the σ phase are plotted as an iso-contour plot in Figure 61 as 
a function of composition. 
 
Figure 61 – Ternary iso-contour of the relaxed structure (given in kJ.mol-1.atom-1) of the hypothetical 
end-members calculated by DFT in the σ phase according to a three sublattices model. 
According to the chosen sublattice model to describe the σ phase, none of the end-members are stables 
(Table 40 and Figure 61) which are consistent with experimental data (see isothermal section at 700°C –
Figure 43– indicating that no Nb dissolves in the σ phase).  
b. Laves phase C14 and C15 
The total energies of the end-members in the C14 and C15 Laves phase are given in Table 41 and Table 
42, respectively. 
 
 
?
?
???
?
?
??????
???
??????Δ? ?????? ???? ?????? ?????Δ? ?????? ???? ?????? ?????
???? ????? ???? ?????
??
?
??
?
??
??
????
-11.88 ?????? -10.06 4.77 7.8 present work 
????? ??????? ???? ??? ??? ???
????? ? ? ? ? ? ???
????? ???? ???? ? ? ? ???
????
60.39 ?????? 81.29 5.36 8.30 present work 
??????? ??? ???? ??? ???? ???
??? ? ? ? ? ? ???
??? ???? ???? ? ? ? ???
?? ?
25.6 ?????? ??? ?????? present work 
??????? ??? ???? ???? ??? ???
???? ? ? ? ? ? ???
??? ??? ???? ? ? ? ???
??? ? ? ? ? ? ???
???? ??? ??? ? ? ? ???
?? ?
  ? ? 14.23 ?????? present work 
? ? ? ???? ??? ??? ???
? ? ? ???? ? ? ???
? ? ? ??? ???? ???? ???
? ? ? ??? ? ? ???
? ? ? ??? ??? ??? ???
?? ?
27.48 4.64 7.66 27.48 4.64 7.66 Present work 
?? ??? ???? ? ? ? ???
???? ??? ??? ? ? ? ???
??? ? ? ? ? ? ???
????
-6.58 ?????? -6.58 4.88 8.06 Present work 
???? ??? ??? ? ? ? ???
???? ??? ??? ? ? ? ???
???? ? ? ? ? ? ???
????
68.99 ?????? 70.32 5.47 8.01 Present work  
??? ???? ???? ? ? ? ???
???? ??? ??? ? ? ? ???
?? ? 29.8 4.61 7.42  30.84 4.61  7.42 Present work ??? ???? ???? ? ? ? ???
?? ? 23.96 ?????? 22.95 4.56 7.27 Present work ??? ??? ??? ? ? ? ???
Table 41 – Energies of the end-members of the C14 Laves phase compared with available literature data. 
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?
?
?
?
?
?
???
?
??????? ???? ???????Δ? ???????????? ???? ?????Δ? ???????????? ???? ?????
??
?
?
??
?
??
?
?? ?
-1.83 6.96 337.2 -1.72 6.93 332.8 ????????????????
???? ??? ???? ? ? ? ???
???? ??? ???? ? ? ? ???
???? ??? ???? ? ? ? ???
??? ??? ???? ? ? ? ???
??? ? ? ? ? ? ???
???? ???? ???? ? ? ? ???
????
75.38 7.51 423.6 75.39 7.50 422.38 Present work ?? 
???? ??? ???? ? ? ? ???
??? ??? ???? ? ? ? ???
????
30.56 6.64 292.75 33.55 6.66 287.5 Present work ?? 
???? ??? ???? ? ? ? ???
??? ? ? ? ? ? ???
??? ???? ???? ? ? ? ???
????
? ? ? 15.33 7.74 463.7 Present work ?? 
? ? ? ??? ??? ???? ???
? ? ? ??? ? ? ???
? ? ? ??? ?? ? ???? ???
???? 27.72 6.7 287.5 27.72 6.88 325.7 present work ??? ???? ???? ? ? ? ???
???? 18.6 6.82 317.2 29.5 6.8 314.4 Present work ??? ??? ???? ? ? ? ???
???? 39.43 6.8 314.4 52.04 6.75 307.5 Present work ??? ??? ???? ? ? ? ???
???? 50.23 7.94 428.6 80.0155 7.4388 411.6 Present work ??? ???? ???? ? ? ? ???
?? ? -14.4 6.82 317.9 -9.88 7.13 362.4 Present work ???? ???? ???? ? ? ? ???
Table 42 – Enthalpies of formation of the different end-members of the C15 Laves phase. The similar end-
members as for the Cr-Nb system were calculated using ADF as described in p. 72 and in reference ??. 
??????????????????? ????????????????????????Table 41 Table 42???????????
Figure 62??????????????????????? ?????????? ??? ????? ? ???????????
????????
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Figure 62 – Comparison of the enthalpies of formation of C14 and C15 Laves phase. For the stable end-
members, i.e. C14-Fe2Nb and C15-Cr2Nb the Calphad optimized values have been added for comparison 
from references [29,40] for Fe-Nb and Cr-Nb, respectively. 
The enthalpies of formation of the two different polytypes of Laves phase are very close. For the two 
stable end-members, the respective metastable end-members are more stable energetically according to 
the DFT calculations. As the two polytypes are closely related, these results are not surprising, 
furthermore within the approximation done to do the DFT calculations the difference of energies between 
the two polytypes is in the range of the accepted error. For C14-Fe2Nb and C15-Cr2Nb, the Calphad 
optimized value is lower (i.e. more stable) that its respective value obtained from DFT. For both 
thermodynamic assessments the optimization of the energy of formation of the stable end-members was 
obtained by taking into account experimental data. 
c.  phase 
According to the DFT results (Table 43), the plot of the energies of the end-members of the  phase in the 
Cr-Fe-Nb is given in Figure 63. 
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?
???
?
????
????????? ?????? ? ???????? ??????
?? 
???? ?????
?? 
???? ???? ?????????
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????
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??? ?? ?? ? ?? ????? ?????? ???? ??????? ???
??? ??? ?? ? ? ?? ????? ?????? ???? ???????Present work 
??? ?? ?? ? ?? ???? ?????? ????? ??????? ???
???? ?? ?? ? ? ??
????? ?????? ???? ??????? ???
????????? ???? ?? ? ? ???
???? ?? ??? ?? ? ?? ????? ?????? ???? ??????? Present work 
???? ?? ?? ?? ?? ???? ?????? ????? ??????? ???
????? ?? ?? ? ? ?? ????? ?????? ???? ??? ??? Present work 
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???? ?? ?? ??? ???? ???? ?????? ????? ??????? Present work 
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???? ?? ?? ??? ?? ???? ?????? ???? ???????Present work 
???? ?? ??? ?? ? ??
????? ?????? ???? ??? ??? Present work 
???????? ???? ?? ? ? ???
????? ?? ??? ? ? ? ? ???? ??? ??? ???????? ???? Present work 
????? ?? ?? ? ? ?? ????? ?????? ???? ??????? Present work 
???? ??? ?? ?? ? ?? ???? ?????? ????? ??????? Present work 
???? ?? ?? ? ? ?? ????? ??? ???? ? ? ? ???
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???? ?? ?? ? ???? ???? ?????? ????? ??????? ???
???? ?? ?? ? ? ??
????? ?????? ???? ??????? ???
???????? ???? ?? ? ? ???
???? ?? ??? ? ? ??
????? ?????? ???? ??? ??? Present work 
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???? ?? ?? ? ??
??? ????? ???? ???? ???
??? ???? ?
??? ????? ???? ???
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???? ??? ??? ? ? ?? ???? ?????? ???? ???????Present work 
???? ??? ?? ? ???? ???? ?????? ????? ???????Present work 
Table 43 – Enthalpies of formation of the end-members of the  phase obtained from DFT calculations.  
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According to the DFT results, Cr dissolving in the binary Fe-Nb  phase is more favorable on the 3b 
Wyckoff position as it can be seen by comparing the enthalpies of formation of Fe:Nb:Nb:Cr (FeNb6Cr6, 
ΔfH= -6.60 kJ.mol-1.atom-1) and Cr:Nb:Nb:Fe (CrNb6Fe6, ΔfH = -19.35 kJ.mol-1.atom-1). 
The contour map of the results of the enthalpies of formation is given in Figure 63. 
 
Figure 63 – Ternary iso-contour plot of the ground state energies of the hypothetical end-members 
(black point) calculated by DFT in the  phase according to a four sublattices model 
(Fe,Cr,Nb)(Nb)4(Fe,Cr,Nb)2(Fe,Cr,Nb)6. The enthalpies of formation are given in kJ.mol-1.atom-1. 
The results of the enthalpies of formation of the end-members show that this phase is stable throughout a 
large part of phase diagram, which is inconsistent with the stability of the  phase determined 
experimentally. In the Nb-rich corner, the enthalpies of formation of the end-members are positive and 
therefore unstable, which is consistent with experimental evidence. Nevertheless, on the Cr-Nb side, the 
end-members are rather too stable, stabilizing the  phase on this side of the phase diagram. Because this 
phase should not be stable in the Cr-Nb side, the end-members on this side of the phase diagram will have 
to be optimized in order to fit to the experimental evidence. 
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4.2 Optimization of the phase diagram 
The optimization of the phase diagram was obtained according to the Calphad formalism using Thermo-
Calc software [8]. For the description of the different phases, the energies of formation of the end-
members obtained by DFT were used.  
At first the phase diagram was calculated using the energies of the hypothetical end-members obtained 
from DFT without any modification. The calculated Cr-Fe-Nb phase equilibria are given in Figure 64.  
 
Figure 64 – Calculated isothermal section at 1050°C of the Cr-Fe-Nb phase diagram using the DFT 
values for the description of the end-members. 
As the  phase is rather too stable according to the DFT calculations, this phase appears to be quite 
stabilized on the Cr-Nb side which is inconsistent with experimental evidence. In addition the description 
of the C14 Laves phase is not stable enough. According to this result, the σ phase does not appear which 
is consistent with the experimental results. 
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a. BCC, FCC 
These two phases are well represented by using the binary interaction parameters. In the present work, no 
ternary interaction was used to describe these phases. 
b. Liquid 
The liquidus values are not yet available for the present optimization of the phase diagram. The ternary 
interaction parameters cannot be accurately optimized. Nevertheless, the liquid phase appeared in the 
highest calculated isothermal section (i.e. 1350°C) which is in contradiction to experimental evidence 
(Figure 45).  
 
Figure 65 – Calculated iron reach corner of the Cr-Fe-Nb phase diagram at 1350°C showing the 
presence of the liquid phase. 
As the liquid should not be present at this temperature, interaction parameters were guessed in such way 
that the liquid is not present at this temperature. To describe the liquid phase, 
0LCr,Fe,Nb=1LCr,Fe,Nb=2LCr,Fe,Nb=30000 were used. In this way, the excess Gibbs energy is desymmetrized and 
the liquid is not stable at 1350°C. Nevertheless, further data are necessary for an accurate description of 
the liquid phase. 
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c. Intermetallic phases 
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C14 and C15 Laves phase 
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? ܮ஼௥,ே௕:஼௥஼ଵହ଴ ൌ ܮ஼௥,ே௕:ே௕஼ଵହ଴ ൌ ܮ஼௥,ே௕:஼௥஼ଵସ଴ ൌ ܮ஼௥,ே௕:ே௕஼ଵସ଴ ?????? Eq. 62 
? ܮ஼௥:஼௥,ே௕஼ଵହ଴ ൌ ܮே௕:஼௥,ே௕஼ଵହ଴ ൌ ܮ஼௥:஼௥,ே௕஼ଵସ଴ ൌ ܮே௕:஼௥,ே௕஼ଵସ଴ ?????? Eq. 63 
?????? ????????????????????????? ????????????????? ??????????????????
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????????????????????????????? ???????? ??????????????? ????
????????????????????? ??????? ??????????????????
???????????????ܮ஼௥:ி௘,ே௕஼ଵସ଴ 	??????????????????????????????????
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 phase  
??????? ???????????????????????? ????????????????????? ??????????????
????????????????????????????? ?? ???????????????????????????
?????????????????????????????Table 44 ??????????????
???????????????????????????????????? ?????????????????? ?????? ? ????
?????????????????????????????????????????????????????????????
???? ??????? ???????????????????????????????????????????????????
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4.3 Results of the optimization of the phase diagram 
????? ??????? ??????????????????????????Figure 66 and Figure 67??????? ?????
???????? ???????????????????????????????????????????????????
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Figure 66 – Calculated isothermal sections at 1050°C obtained from the present optimized parameters as 
given in Table 44 and compared with experimental data (black squares, phase boundary of the Laves 
phase and red squares, the three phase field C14++BCC). 
 
Figure 67 – Calculated isothermal sections at 1350°C from the present optimization compared with 
experimental data (black squares phase boundary of the Laves phases and red squares the three phase 
field +C14+(Nb)). 
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???? ܮ஼௥,ி௘,ே௕௅଴ ൌ ܮ஼௥,ி௘,ே௕௅ଵ ൌ ܮ஼௥,ி௘,ே௕௅ଶ ൌ 30000? ????
?????? ? ܩ஼௥:ே௕஼ଵସ଴ ൌ 	െ3704.2 െ 11.687 ൈ T? ???
? ܮ஼௥,ே௕:஼௥஼ଵସ଴ ൌ ܮ஼௥,ே௕:ே௕஼ଵସ଴ ? ܮ஼௥,ே௕:஼௥஼ଵହ଴ ൌ ܮ஼௥,ே௕:ே௕஼ଵହ଴ ൌ	???? ???????
? ܮ஼௥:஼௥,ே௕஼ଵସ଴ ൌ ܮே௕:஼௥,ே௕஼ଵସ଴ ? ܮ஼௥:஼௥,ே௕஼ଵହ଴ ൌ ܮே௕:஼௥,ே௕஼ଵହ଴ ൌ???? ???????
? ܮ஼௥:ி௘,ே௕஼ଵସ଴ ൌ 	െ100000? ????
?? ܩி௘:ே௕஼ଵହ଴ ൌ െ43200 ൅ 7.347 ൈ ܶ? ????
? ܩ஼௥:ே௕:ே௕:஼௥ఓ଴ ൌ െ90090 ൅ 80 ൈ ܶ? ????? ܩி௘:ே௕:ே௕:஼௥ఓ଴ ൌ െ85761 ൅ 30 ൈ ܶ? ????? ܩே௕:ே௕:஼௥:ி௘ఓ଴ ൌ െ109330 െ 60 ൈ ܶ? ????? ܩ஼௥:ே௕:ே௕:ி௘ఓ଴ ൌ െ251550 ൅ 80 ൈ ܶ? ????
Table 44 – Optimized parameters for the description of the calculated Cr-Fe-Nb phase diagram. 
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II. Thermodynamic modeling 
????????????????????? ?????????????????? ????????????????????
????????????? ??????????????????????? ?????????????????????????
?????????????????????????????????????? ?????????????????????
???????????????????????????????????????????? ???????????????????????
???Figure 13??
??????????????????????????????Figures 8-13???????????????????????????
??????????????????????????????????????????????? ????????????????????????
?
?
???
?
??????????????????????????????????????????? ?? ?????????????????
????????????????????????????? ?? ???????????????????????????????????? ????????????
????????????????????????????????? ???????????????????????? ??????????????
????????????????? ?????????????????????????? ???????????????????????????????????? ?
???????????????????? ?? ?? ???? ??? ????? ??? ????????????? ?????????? ??
??????? ?????????????????? ?????????????Figure 68 ?? ??????????????
?
Figure 68 – Binary boundary phase diagrams as given in the literature: Fe-Nb ??, Nb-Si ??? and 
Fe-Si ????. 
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FeNbSi 
? ܩி௘ே௕ௌ௜ െ෍ݔ௜଴ܪ௜ሺ298.15ܭሻ
ൌ ܽ ൅ ܾܶ ൅ 0.333 ܩி௘஻஼஼଴ ൅ 0.333 ܩே௕஻஼஼଴ ൅ 0.333 ܩௌ௜஽௜௔௠௢௡ௗ଴ ?
Eq. 64 
 
?
?
???
?
FeNbSi2 
? ܩி௘ே௕ௌ௜మ െ෍ݔ௜଴ܪ௜ሺ298.15ܭሻ ൌ ܽ ൅ 0.25 ܩி௘஻஼஼଴ ൅ 0.25 ܩே௕஻஼஼଴ ൅ 0.5 ܩௌ௜஽௜௔௠௢௡ௗ଴ ? Eq. 65 
Fe4Nb4Si7 
? ܩி௘రே௕రௌ௜ళ െ෍ݔ௜଴ܪ௜ሺ298.15ܭሻ
ൌ ܽ ൅ ܾܶ ൅ 0.267 ܩி௘஻஼஼଴ ൅ 0.267 ܩே௕஻஼஼଴ ൅ 0.467 ܩௌ௜஽௜௔௠௢௡ௗ଴ ?
Eq. 66 
Fe3Nb4Si5 
? ܩி௘యே௕రௌ௜ఱ െ෍ݔ௜଴ܪ௜ሺ298.15ܭሻ
ൌ ܽ ൅ 0.25 ܩி௘஻஼஼଴ ൅ 0.333 ܩே௕஻஼஼଴ ൅ 0.4167 ܩௌ௜஽௜௔௠௢௡ௗ଴ ?
Eq. 67 
FeNb4Si 
? ܩி௘ே௕రௌ௜ െ෍ݔ௜଴ܪ௜ሺ298.15ܭሻ
ൌ ܽ ൅ ܾܶ ൅ 0.167 ܩி௘஻஼஼଴ ൅ 0.667 ܩே௕஻஼஼଴ ൅ 0.167 ܩௌ௜஽௜௔௠௢௡ௗ଴ ?
Eq. 68 
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III. DFT calculations 
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IV. Results and discussion 
1. DFT calculations 
?????????????????????????????????? ??? ?????????????????????????
???????????????????????????????? ???? ?????????????????????
??????????? ????????????????????????????????????????????????
??????????????Table 45????Table 46??
1.1 C14 Laves phase 
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Compound 
FM NM 
References 
ΔfH  
(kJ.mol-
1.atom-
1) 
Lattice parameters 
V (Å³) 
ΔfH  
(kJ.mol-
1.atom-
1) 
Lattice parameters 
a (Å) c (Å) a (Å) c (Å) V (Å³) 
C
14
 
 L
av
es
 p
ha
se
 
Fe2Nb 
-11.88 4.82 7.88 160.2 -10.06 4.77 7.8 153.7 present work 
-13.16 4.822 7.839 157.9 -12.99 4.766 7.811 157.9 [38] 
-14.5 - - - [156] 
-14.5 4.768 7.875 155.04 [157] 
FeNb2 
60.39 5.44 8.29 212.46 81.29 5.36 8.3 206.51 present work 
60.01 5.42 8.59 218.54 79.03 5.23 8.587 218.7 [38] 
2.1 - - [137] 
2.03 5.248 8.198 195.54 [157] 
FeFe2 
37.2 4.52 7.23 127.92 present work  
14.71 4.68 7.62 144.54 35.42 4.531 7.288 129.6 [38] 
38.81 - - [156] 
14.7 4.69 7.668 146.07 [157] 
31.1 - - [137] 
38.27 4.53 7.23 128.49 [155] 
NbNb2 
14.23 5.59 8.54 230.9 present work 
16.54 5.47 8.7 229.6 [38] 
15.602 - - [156] 
15.6 5.492 8.642 225.74 [157] 
15.4 [137] 
16.2 5.5 8.68 227.39 [26] 
SiSi2 
47.46 5.6 6.92 187.94 present work  
2.5 [137] 
56.52 5.6 6.91 187.67 [155] 
NbSi2 -6.17 4.99 7.93 171.00 present work  
SiNb2 40.38 5.42 8.58 218.94 present work  
FeSi2 
37.03 5.28 6.79 163.93 present work  
48.92 5.11 6.93 156.71 [155] 
SiFe2 
8.59 4.66 7.67 144.24 present work  
19.91 4.55 7.56 135.54 [155] 
Table 45 – Calculated enthalpies of formation of the C14 Laves phase end-members in the Fe-Nb-Si 
ternary system. In red, the enthalpies of formation which have been used for the assessment. 
1.2 µ phase 
Enthalpies of formation computed by DFT for the  phase are given in Table 46 according to the four 
sublattice model. 
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End-members FM NM 
Ref. 
(Fe,Si,Nb) (Nb)4 (Fe,Nb,Si)2 (Fe,Si,Nb)6 Compound 
ΔfH 
a (Å) c (Å) 
ΔfH 
a (Å) c (Å) (kJ.mol-
1.atom-1) 
(kJ.mol-
1.atom-1) 
Fe Nb Fe Fe Fe9Nb4 -7.71 4.84 25.43 0.32 4.71 25.79 [38] 
Nb Nb Fe Fe Fe8Nb5 -2.11 4.85 26.66 [38] 
Fe Nb Nb Fe Fe7Nb6 
-13.04 4.88 26.74 Present work 
-12.55 4.86 27.00 -9.05 4.88 26.25 [38] 
-13.50 4.87 26.64 - - - [157] 
Nb Nb Nb Fe Fe6Nb7 -10.11     -7.60 5.02 26.10 [38] 
Fe Nb Fe Nb Fe3Nb10 32.81 5.42 27.53 34.69 5.44 27.37 [38] 
Nb Nb Fe Nb Fe2Nb11 38.44 5.45 28.49 38.40 5.45 28.52 [38] 
Fe Nb Nb Nb FeNb12 13.54 5.42 28.14 13.71 5.48 27.44 [38] 
Nb Nb Nb Nb Nb13 
- - - 17.50 5.46 28.83 [38] 
- - - 20.70 - - [137] 
      16.10 5.43 9.52 [157] 
Si Nb Nb Nb Nb12Si1 - - - 4.72 5.31 29.47 Present work 
Nb Nb Nb Si Nb7Si6 - - - -32.62 5.11 26.80 Present work 
Si Nb Nb Si Nb6Si7 - - - -22.36 5.08 26.24 Present work 
Fe Nb Nb Si FeNb6Si6 -43.38 5.03 26.01 -43.38 5.03 26.01 Present work 
Si Nb Fe Nb Fe2Nb10Si 21.01 5.23 28.52 21.00 5.22 28.62 Present work 
Nb Nb Fe Si Fe2Nb5Si6 -19.79 4.99 26.26 -19.79 4.99 26.26 Present work 
Si Nb Fe Si Fe2Nb4Si7 -7.77 4.92 25.80 -7.77 4.92 25.80 Present work 
Fe Nb Fe Si Fe3Nb4Si6 -32.59 4.93 25.07 -28.97 4.93 25.07 Present work 
Si Nb Nb Fe Fe6Nb6Si -25.21 4.90 26.60 -19.41 4.93 25.85 Present work 
Si Nb Fe Fe Fe8Nb4Si -16.24 4.77 25.78 -11.85 4.79 25.13 Present work 
Fe Nb Si Fe Fe7Nb4Si2 -20.73 4.78 27.44 -13.34 4.75 27.09 Present work 
Fe Nb Si Si FeNb4Si8 -24.99 5.16 25.87 -24.79 5.13 25.80 Present work 
Fe Nb Si Nb FeNb10Si2 8.02 5.34 29.28 8.02 5.34 29.27 Present work 
Si Nb Si Fe Fe6Nb4Si3 -37.62 4.77 27.41 -28.94 4.79 26.78 Present work 
Si Nb Si Si Nb4Si9 - - - -2.08 4.94 29.35 Present work 
Si Nb Si Nb Nb10Si3 - - - -1.28 5.30 29.90 Present work 
Nb Nb Si Fe Fe6Nb5Si2 -14.21 4.86 28.03 -8.69 4.88 27.26 Present work 
Nb Nb Si Si Nb5Si8 - - - -16.48 5.57 25.74 Present work 
Nb Nb Si Nb Nb11Si2 - - - 8.68 5.35 30.22 Present work 
Table 46 – Enthalpies of formation and lattice parameters of the end-members in the  phase of the Fe-
Nb-Si system calculated with VASP and compared with available literature data. In red, the data which 
have been used for the thermodynamic optimization. 
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The projection of the results of the enthalpy of formation at 0K as function of the composition in the  
phase has been plotted in Figure 69 for a better overview of the stability of the end-members. 
 
Figure 69 – Mapping of the stability of the end-members of the  phase calculated by DFT at 0K. The 
different end-members are represented by the black square. The homogeneity range of the  phase at 
1000°C from Wang et al. [15] is given in red for comparison.  
In general, the end-members with ideal compositions on the Nb-Si side are favorable (e.g. Nb7Si6 and 
Nb6Si7). The addition of Fe stabilizes these end-members. As an example FeNb6Si6 (Fe:Nb:Nb:Si) which 
is highly favorable, this end-member has the Nb in the 6c positions (favorable). The SiNb6Fe6 end-
member is less negative, so Si has a site preference on the 18h Wyckoff position.  
Fe is not favorable in the 6c positon. Si is more favorable at this position (see Fe:Nb:Si:Fe and 
Fe:Nb:Fe:Si). 
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1.3 Ternary phases 
??????????????? ??????????? ????????????????????????????????????????
????????????????????????????????????? ????????????????????????????
?????????????????????????????????????????? ??????? ? ?
??????????????????????????????????? ????? ????????Table 47 ?? ?
?? ????? ? ??????????????????????? ????????? ??????????????????????????
????????????????????? ?????????? ?? ???? ??????????????????????
???????????????????????? ? ? ????????????????????????????? ???????????
?????????????????????????????????????? 
???? ?????????
Δ?
???????
???????
??
Δ?
???????
?????? ?
??
??? ???? ????
? ? ???????????? ???? ?????
???????
????
????????
????
????????
?????????????? ???? ?????
???????
????
????????
????
????????
?? ? ? ???? ????? ???? ????
?????????
????
???????
????
???????
????? ???? ????? ???? ?????
???????
????
????????
????
????????
Table 47– Enthalpy of formation of the ternary compound in Fe-Nb-Si phase diagram. The lattice 
parameters on brackets are the experimental data from literature for comparison.  
2. Thermodynamic optimization of the phase diagram 
?????????????????????????? ????????? ????? ????????? ????????????????
?????????????????????????Figure 70
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Figure 70 – Calculated isothermal section of the Fe-Nb-Si phase diagram at 1000°C without 
optimization. 
Using only the DFT calculations, the phase diagram was calculated at 1000°C (Figure 70), four of ternary 
compounds are not shown in this calculation. In addition, the dissolution of Si in the Laves and  phases 
on the Fe-Nb rich side is not shown. 
At first the DFT calculations of the ternary compounds were used without any modification. The 
enthalpies of formation of the two ternary compounds which were not calculated by DFT (i.e. Fe3Nb4Si5 
and FeNb2Si2) were estimated to be similar to the other phases in the surrounding (i.e. NbFeSi2, Nb4Fe4Si7 
and NbFeSi). The starting values were taken around 60 kJ.mol-1.atom-1. Temperature dependences to the 
enthalpies of formation were introduced to stabilize or destabilize certain phases. Nevertheless no 
temperature dependences were used for the description of Fe3Nb4Si5 and FeNb2Si2. 
In the Nb-rich corner, FeNb4Si is not shown in the non-optimized phase diagram. This phase was 
stabilized by introducing negative temperature dependence to its enthalpy of formation. 
?
?
???
?
2.1 Dissolution of Si in the Laves phase 
? ?????????????????????????????????????????????????????? ??????????????????
??????????????????? ???????????????????????????????????????????????????
???????????????????? ????????? ?? ??????????????????????????????????
??????????????????????????????????????? ??????? ????? ??????????
??????????????????????????????Table 48?
2.2 Si in the  phase 
????????????????????? ????????????????????????????????????????????????
??????????????????????????????????????????????????????????
????? ?????????????????? ???????????????????????? ???????????????????
?????????? ????
??????????????????????????? ? ???????????????? ??????????
2.3 Results of the thermodynamic assessment 
?????????????????????????????????????????????????????????????????????
??????????? ??? ?????????????????????????????????????????????????????????
???????????????????????????????????????????????????????????????????
?????????? ????????????????????????
??????????????????????????? ????????? ??????????????Table 48
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Phase Thermodynamic parameters Remark 
Fe-Nb - [40] 
Fe-Si - [175] 
Nb-Si - [75] 
C14 (Fe,Si)2Nb ܮி௘,ௌ௜:ி௘஼ଵସ ൌ 	െ410000 െ 10 ൈ ܶ଴  Optimized 
ܮே௕,ௌ௜:ே௕஼ଵସ ൌ 	െ320000଴  Optimized 
ܮி௘,ௌ௜:ே௕஼ଵସ ൌ 	െ481000 െ 35 ൈ ܶ଴  Optimized 
 ܩௌ௜:ே௕:ே௕:ி௘ஜ ൌ 	െ327728 െ 100 ൈ ܶ଴  Optimized 
ܮௌ௜:ே௕:ி௘,ி௘ஜ ൌ 	െ120000଴  Optimized 
FeNbSi ܩி௘ே௕ௌ௜ ൌ 	െ178680 െ 7 ൈ ܶ଴  Optimized 
FeNbSi2 ܩி௘ே௕ௌ௜మ ൌ 	െ232160଴  DFT 
FeNb2Si2 ܩி௘ே௕మௌ௜మ ൌ 	െ320000଴  Optimized 
Fe3Nb4Si5 ܩி௘యே௕రௌ௜ఱ ൌ 	െ743500଴  Optimized 
Fe4Nb4Si7 ܩி௘రே௕రௌ௜ళ ൌ 	െ894000 ൅ 60 ൈ ܶ଴  Optimized 
FeNb4Si ܩி௘ே௕రௌ௜ ൌ 	െ172020 െ 45 ൈ ܶ଴  Optimized 
Table 48 – Optimized parameters for the thermodynamic description of the Fe-Nb-Si system. 
It results the present phase diagrams given at 1000 and 1200°C (Figure 71 and Figure 72, respectively) 
which are compared with some literature data.  
 
Figure 71 - Calculated isothermal section at 1000°C in comparison to experimental data given by Wang 
et al. [15], triangle symbols in black for the Laves phase and in blue for the  phase. 
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Figure 72 – Calculated isothermal section given at 1200°C in comparison with data from Wang et al., 
black squares (Laves phase), red squares ( phase). 
There is an overall good agreement of the calculated phase diagram with experimental data (Figure 71 
and Figure 72). The dissolution of Si into the  phase is lower in the calculated phase diagram. Further 
optimization of this phase would be required for a better description of the  phase. 
The calculated phase diagram shows an equilibrium C14+Fe2Si+FeNbSi which is not shown by Wang et 
al. [15], this is due to the description of Fe2Si given by Yuan et al. [175] in the description of Fe-Si 
system. 
In the highest isothermal section the laves phase and the FeNbSi ternary phase are experimentally in 
equilibrium with the liquid [15], but this is not shown in the calculated phase diagram. 
?
?
???
?
Conclusion 
??????????? ??????????????????? ? ?????????????????????????
???????????????????????????????????????????????????????????????????????? ???
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Chapter VII – Microstructure of alloys and phase equilibria of sub-system 
Laves phase containing systems 
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I. Development of laves phase strengthened ferritic steel 
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??????????? ?????????????????????????????? ??? ??Figure 73??
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Figure 73 – Comparison of the microstructure of model alloy [142] with the Cr-Fe-Nb phase equilibria 
(present work). The two microstructure images are taken from Froitzheim et al. [142], the left 
microstructure is the reference alloy (model alloy with a similar composition as Crofer APU) and on the 
right microstructure of the model alloy with the addition of Nb and Si. 
The Laves phase in the newly developed alloy as given by Froitzheim et al. [142] has a similar 
composition as expected from the Cr-Fe-Nb phase equilibria. Si dissolves in the Laves phase. The 
formation of the Laves phase is promoted by Si, the comparison with the ternary Cr-Fe-Nb system from 
the present work is done in a lower order system. As mentioned by the authors [142] “There are limited 
thermodynamic data available for the Fe-Cr-Nb-Si system” which limits the understanding of the 
chemical driving forces behind the formation of the different phases. The only article related to the 
quaternary phase diagram is given by Vilasi et al. [179] but they do not provide a lot of information about 
Si dissolving in the ternary Laves phase. Nevertheless, according to several studies on the Laves phase, Si 
promotes the formation of the Laves phase, stabilized it and occupies the position of Fe and Cr in the 
crystal structure. The overall Laves phase formula is written as (Fe,Cr,Si)2Nb. 
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Figure 74 –Comparison of the Fe-Nb-Si phase diagram (reproduced from Wang et al. [15]) with Fe+Nb-
silicide microstructure (micrograph reproduced from [181]). The three phase field region 
Nb+Nb4FeSi+Nb5Si3 is observed on the micrograph. 
III. Phase diagram vs ferritic steel alloy 
The present comparison between model alloys and sub-systems of binary, ternary and quaternary alloys is 
of great importance for the development of new materials. Nevertheless, in addition to the different 
systems studied in the present work, other systems containing Laves phases are of great importance but 
are not well studied in the literature. For more clarity, the different sub-systems of Laves phase containing 
systems are reported in Figure 75. A color code is used to show which systems have been already studied 
and which systems would need to be studied for better understanding of the Laves phase containing 
systems in Crofer 22H and similar ferritic steels. 
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Figure 75 - Schematic representation of the different sub-systems containing Laves phase in Crofer 22H. 
As can be seen on Figure 75, several ternaries and quaternaries systems would require further 
investigations. A careful literature survey would reveal where there is a need for investigation (i.e. 
experimental and/or modelisation). At first, it would be relevant to study the ternary Fe-W-Si and Cr-Fe-
W. 
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